
 

 

Q1  

Question 

A curve has parametric equations 𝑥 =
1

𝑡2 , 𝑦 = 2𝑡, where 𝑡 is a non-zero parameter. 

(i) Sketch the curve. 

The region 𝑅 is bounded by the curve and the lines 𝑥 = 4 and 𝑥 = 16. 

(ii) Find the area of 𝑅. 

(iii) Find the exact value of ∫
1

𝑡

1

4
1

2

 𝑑𝑡. Hence find the volume of the solid generated when the 

region R is rotated through 𝜋 radians about the 𝑥-axis. 

 

Solution 

Q2  

Question

 



 

 

 

Solution 

Width = 
1

𝑛
 

Rectang
le 
number 

1 2 r n 

x-coor 
1 +

1

𝑛
 1 +

2

𝑛
 1 +

𝑟

𝑛
 1 +

𝑛

𝑛
 

y-coor 1

1 + (1 +
1
𝑛

) 
 

1

1 + (1 +
2
𝑛

) 
 

1

1 + (1 +
𝑟
𝑛) 

 
1

1 + (1 +
𝑛
𝑛) 

 

Vol 

𝜋 (
1

1 + (1 +
1
𝑛)

)

2

 (
1

𝑛
) 𝜋 (

1

1 + (1 +
2
𝑛)

)

2

(
1

𝑛
) 𝜋 (

1

1 + (1 +
𝑟
𝑛

)
)

2

(
1

𝑛
) 𝜋 (

1

1 + (1 +
𝑛
𝑛

)
)

2

(
1

𝑛
) 

𝑉𝑜𝑙 =  𝜋 ∑ (
1

1 + (1 +
𝑟
𝑛)

)

2

 (
1

𝑛
)

𝑛

1

= 𝜋 ∑
1

(2 +
𝑟
𝑛

)
2

𝑛 
= 𝜋 ∑

𝑛

(2 +
𝑟
𝑛

)
2

𝑛2 
 

𝑛

1

 

𝑛

1

 

= ∑
𝑛𝜋

(2𝑛 + 𝑟)2 
 

𝑛

1

 

𝑉𝑜𝑙 𝑢𝑛𝑑𝑒𝑟 𝑐𝑢𝑟𝑣𝑒 = 𝜋 ∫
1

(1 + 𝑥)2
𝑑𝑥

2

1

= 𝜋 [−
1

1 + 𝑥
]

2

1
=

𝜋

6
 

Hence ∑
𝑛𝜋

(2𝑛+𝑟)2 
 𝑛

1 <
𝜋

6
 

∑
1

(2𝑛 + 𝑟)2 
 

𝑛

1

<
1

6𝑛
 

ii) 𝑆 =
1

6
 

Q3  

Question 

The graph of 𝑦 =
2

1+𝑥
 for 𝑥 ≥ 0, is shown in the diagram below, Region 𝑅 is bounded by the 𝑥-axis, 

the 𝑦-axis, the line 𝑥 = 1 and the curve 𝑦 =
2

1+𝑥
. The area of region 𝑅 may be approximated by the 

total area, 𝐴, of 𝑛 rectangles, each of width 
1

𝑛
, as shown in the diagram. 



 

 

 

(i) Show that 

𝐴 = ∑
2

𝑛 + 𝑟

𝑛−1

𝑟=0

 

(ii) By considering the exact area of region 𝑅, show that ∑
1

𝑛+𝑟
𝑛−1
𝑟=0 > ln 2 

 

Solution 

Width = 
1

𝑛
 

Rectangle 
number 

1 2 r n 

x-coor 
0 +

0

𝑛
 0 +

1

𝑛
 0 +

𝑟 − 1

𝑛
 0 +

𝑛 − 1

𝑛
 

y-coor 2

1 + 0 +
0
𝑛

 
 

2

1 + 0 +
1
𝑛

 
 

2

1 + 0 +
𝑟 − 1

𝑛
 
 

2

1 + 0 +
𝑛 − 1

𝑛
 
 

Area 2

1 + 0 +
0
𝑛 

(
1

𝑛
) 

2

1 + 0 +
1
𝑛 

(
1

𝑛
) 

2

1 + 0 +
𝑟 − 1

𝑛  
(

1

𝑛
) 

2

1 + 0 +
𝑛 − 1

𝑛  
(

1

𝑛
) 

𝐴 =  ∑
2

1 + 0 +
𝑟 − 1

𝑛  
(

1

𝑛
)

𝑛

1

= ∑
2

𝑛 + 𝑟 − 1 

𝑛

1

 

= ∑
2

𝑛 + 𝑟

𝑛−1

𝑟=0

 

𝐴𝑟𝑒𝑎 𝑒𝑥𝑎𝑐𝑡 = ∫
2

1 + 𝑥
𝑑𝑥

1

0

= [2 ln(1 + 𝑥)]
1

0
= 2 ln 2 

Hence ∑
2

𝑛+𝑟
𝑛−1
𝑟=0 > 2 ln 2 

∑
1

𝑛 + 𝑟

𝑛−1

𝑟=0

> ln 2 

 



 

 

Q4  

Question 

 

 

Solution 

b)Width = 
3

𝑛+1
 

Rectangle 
number 

1 2 r n+1 

x-coor 
0 +

0

𝑛 + 1
 0 +

3

𝑛 + 1
 0 +

3(𝑟 − 1)

𝑛 + 1
 0 +

3(𝑛)

𝑛 + 1
 

y-coor 1

(
0

𝑛 + 1)
2

+ 1

 
1

(
3

𝑛 + 1)
2

+ 1

 
1

(
3(𝑟 − 1)

𝑛 + 1 )
2

+ 1

 
1

(
3𝑛

𝑛 + 1)
2

+ 1

 



 

 

𝐴 =  ∑
1

(
3(𝑟 − 1)

𝑛 + 1
)

2

+ 1

(
3

𝑛 + 1
)

𝑛+1

1

= ∑
1

(
3𝑟

𝑛 + 1)
2

+ 1

(
3

𝑛 + 1
)

𝑛

0

 

= ∑
1

(
3𝑟

𝑛 + 1
)

2

+ 1

(
3(𝑛 + 1)

(𝑛 + 1)2
) = ∑

3(𝑛 + 1)

9𝑟2 + (𝑛 + 1)2

𝑛

0

𝑛

0

 

ii) Limit = Exact area = tan−1 3 − tan−1 0 = tan−1 3 

Q5  

Question 

 

 

Answer 



 

 

 

Q6  

Question 

(a)  

(i) Show that (𝑘 + 1)! 𝑘 − 𝑘! (𝑘 − 1) = 𝑘! (𝑘2 + 1). 

(ii) Hence find ∑ 𝑘!𝑛
𝑘=1 (𝑘2 + 1) 

(iii) Using your answer in part (ii), find ∑ (𝑘 + 1)!𝑛−1
𝑘=1 (𝑘2 + 2𝑘 + 2). 

(b) The graph of 𝑦 = 𝑒2𝑥+1, for 0 ≤ 𝑥 ≤ 1, is shown in the diagram. Rectangles of equal width are 

drawn as shown in the interval between 𝑥 = 0 and 𝑥 = 1. 



 

 

 

(i) Show that the total area of all the 𝑛 rectangles, 𝐴, is given by 
𝑒

𝑛
(

𝑒
2
𝑛(1−𝑒2)

1−𝑒
2
𝑛

). 

(ii) By considering the area under the curve 𝑦 = 𝑒2𝑥+1, find the exact value of the limit of 𝐴 

as 𝑛 →  ∞ 

(iii) Hence show that 
𝑒

2
𝑛

𝑛(𝑒
2
𝑛−1)

> 𝑘, where 𝑘 is a constant to be found. Find the largest 

possible value of 𝑘. 

 

 

 

 

 

 

 

 

 

 

 

Answer 



 

 

 

 

 


