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Question
A curve ha i i =2 = i
s parametric equations x = o Y= 2t, where t is a non-zero parameter.

(i) Sketch the curve.
The region R is bounded by the curve and the lines x = 4 and x = 16.

(ii) Find the area of R.

1
(iii) Find the exact value of ff% dt. Hence find the volume of the solid generated when the
2

region R is rotated through m radians about the x-axis.

Solution
Q2

Question

1

The diagram shows the parts of the graph of Iy =

. The four rectangles cach of equal width, as

shown in diagram beclow, are rotated through 7 radians -about the x-axis. Prove that the volume

generated may be expressed as

14
> 2]

n rectangles, cach of equal width under the curve between x=1 andx=2, arc used to estimate the
volume of solid obtained when the region bounded by the graph, the lines x=1land x=2, is rotated

n
through s radians about the x-axis. Find the estimated volume in the form >.1(r), where f{r) is to be
r=1

dctermined in terms of 7 and ». (2]

. - s i s s .
(i) Deducethat ) ———— <—. 3]
; (2n -f-r)2 6n

n
(ii) State the value of Z—n——z--as n—»co. (1]
r:l(2n+r)



Solution

Width = =
n
Rectang | 1 r n
le
number
X-coor 1 2 T n
z c 14— 14—
1 +n 1 +n n n
y-coor 1 1 1 1
1 2 r n
1+ (1+2) 1+ (1+) 1+(1+2) 1+(1+2)
Vol 2 2 2
1 (ﬁ 1 1 1 ]
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n 2 n n
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Question

2 1
Vol under curve = nfl mdx =T [—

s
6

n
_Z nm
- - (2n + r)?

n
Z 1 < 1
- 2n+1r)? 6n

1

1+x

]271
1 6

The graph of y = ;—x for x = 0, is shown in the diagram below, Region R is bounded by the x-axis,

the y-axis, the line x = 1 and the curve y = % The area of region R may be approximated by the

total area, A4, of n rectangles, each of width %, as shown in the diagram.
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(i) Show that

n-—1
2
4=
n+r
r=0

(ii) By considering the exact area of region R, show that Z?;&ﬁ >1In2
Solution
Width = =
n
Rectangle 1 2 r n
number
- 1 r—1 n—1
X-coor 0+— 0+= 0+ 0+
n n
y-coor 2 2 2 _ 2
1+0+% 1+0+% 1+0+7=1 140421
Area 2 (1 2 1 2 1 2 1
— () @) | =) | e
1+O+ﬁ 1+0+ﬁ 1+0+T 1+0+T
n n
2 1 2
¥ = z r—1 <_) - z 1
— 140+ n - n+r-—
n
n-1

1

1
Area exact = f dx = [2In(1 + x)] 0= 2In2

o 1+x

Hence Z?;&% > 2In2

n-1

r=0
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Question

11 (a) (i) The region R is bounded by the curves y = m{i—i ; y = ln(x-i- 1) and the
line x=1and the y-axis. Find the arca of region R, ~ - R

(if) Find the exact volume of the solid formed when R is rotutcd 27 radmns B
about the y-axns ) o ' SR G}

(b) The diagram shows part of the graph of y =

e+l

Y,

0] By consndermg n+1 rectangles of equal width from x=0 to x=3, show
that for all non-negatwe mtegers n,.

n 3(n+l)

A<y ——————,
r0 9r*+(n+1)
: (3}
where A is the area bounded by the curve, the axcs and the line x = 3.
(ll) Dcducc lim -——(-?-t—)——; exactly. 2]

"ff‘r~ 29r? +(n+l)

Solution
. 3
b)Width =—
n+1
Rectangle 1 2 r n+1
number
x-coor 0 3 -1
0+ 0+ 040=D 0. 3®
n+1 n+1 n+1 n+1
y-coor 1 1 1 1
0y 3y 30— 1) 3n Y
(1) +1 () +1 <n+1> (ir) +1




=Z(3(r_1))2+1(n+1>=20:( 3r <n+1>

2
n¥1 w1 1

_Z 1 3(n+1)\ N 3@m+1)
B = (%)2+1((n+1)2>_ - 9r2 + (n + 1)

i) Limit = Exact area=tan '3 —tan"10 = tan"! 3
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Question

The graph of y=x/x +40 is shown in the diagram below.

YA

Aijfrereccccn e

N
-40 0 n n+l 1
By considering the shaded rectangle, show that
n+l
Jn+40 < j Jx+40 dx. m
Deduce that ¥
Jd+42+B+...+80 < [ Jx+d0dr. (2
40
n+l
Show also that Jn+dl > [ Jx+40 dx. [2)
Deduce that ”
Ji+ﬁ+«/§+...+~/§i>j«/x+40dx. (m
40

Hence, deduce the value a, where a& Z , that satisfies the following inequality,
9 < 1 + 42 + 3 + ...+ 80 < 9(a+1). (2

Answer



0 o w4 ¢
area of shaded rectangle <.:‘rumdenhccurveﬁmx-ntox=n¢l
heice 1x Jn+40 < IJx+40 dx

;-uno

2
A

>x
-40.-39 -38.37 0| 3940 41,

Drawing similar trianglcs as shown above,
Sum of area of rectangles < actual area under curve

“
Jﬁxnﬁxloﬁxh...&&xl < IJ:+40 dr
40

Hemﬁ¢ﬁ+ﬁ+‘..+ﬁ< ]’J.x*«)dx—(l)

Draw rectangle as shown below:

Jnval Lo y=dx+4

0 n avl 4

-0

area of shaded rectangle >Nelndﬂmecmefmmx-uwx-ntl
.

hence I1xJn+dl > IJ:*IOM

y
" y-qu‘O
i

A
A

20 39 38 31 0| oA

By drawing rectangles as shown above,
Sum of area of rectangles > actual area under curve

r
Jixasfixte..+BIx1 > [Jxvd0 dx .
-

“
choeﬁ+ﬁ+./’3+ A..+ﬁi>]Jx+40dx —(2)

lm s [%(xuo)%[; E‘”“ﬂ:"“ (ru0GC)

From (1) and (). i

-

| Jx+d0 ax-JB1< Jisda+B+...+80 < | Jx+40 dx
40 40

a1 <fis2+ie. ++/80<486
9(53)<Ji+fl'+ﬁo . +/80<9(54)

a=53
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Question

(a)
(i) Show that (k + 1!k — k! (k — 1) = k! (k? + 1).
(ii) Hence find ¥ 7_, k! (k? + 1)
(iii) Using your answer in part (i), find Y721 (k + 1)! (k? + 2k + 2)

b — p2x+1 H
(b) '(Ij'he graph of y = e“*™1 for 0 < x < 1, is shown in the diagram. Rectangles of equal width are
rawn as shown in the interval between x = 0 and x = 1.



ol I 2 3 =) =il
B ;; '; n Y
2 2
(i) Show that the total area of all the n rectangles, A4, is given by % (&_f)).
1-en
(ii) By considering the area under the curve y = e?**1, find the exact value of the limit of 4
asn - oo
2
(iii) Hence show that ezn > k, where k is a constant to be found. Find the largest
n(en—1)

possible value of k.

Answer



11 | Summation & Integration

ai | LHS=(k+ 1)tk —k!(k-1)
=ki(k(k+1)—(k~1)
=kI(K* +1) =RHS

o ih(k’ +)= i[(k +)k-ki(k 1))
A=t k=l

=2H)~140)
+%
+41(3) -3
+u

Hr= DU 2) T2k -)
+(n+1)!n=nl(n=1)

=(n+1)!n
(iii) | & (] :
S k1)K 42k 42 = Y (k-14 ))N(k-1)'+2(k~1)+2) (replace k by k1)
= e
=K +1)
k=2
=Z.:k¥(k‘ +1D) =111 +1)
A=t
=(n+)n-2
Al 3 Akasbianil \n .’:J not I

Resultt  SKIK +1)=(n+1)ln
kel
Replace k by k+1,
Atlmn
( kz‘;(k+l)!((k+l)’+l)-(n+l)!n

-l
i g("*‘)’(k’ +2k+2)=(n+1)in
L=
S (E+1)IK +2k +2)
kel
~l
=§(k+l)!(k’ +2k +2)~(0+1)1(0? +2(0)+2)

=3k -2
k=l

=(n+1)In-2

2, & e,
(('l’)) A=l[e:“+e"“+...+e . I-&e’]
n

(ii) |Asn—w,

)

”(iiif “4ince the sum of the area of rectangles is an overestimate,

zk"_(‘_’ﬂ} Se-1)

2
n

1=e"
-
n%{ﬂ;—l}]>—;-(e'-l)
e -1

2

e: ) (*e(a’—l) on both sides sineee(e’.-l)>0)

= 7 >'i
nie;—li

k=

1
2



