Integration and its Application (I)

Q1
Question

FindS = [x?Inxdx

_ o, _1 X
e T e '3
s=¥ 2 e ey
—?nx f? x—?nx ? C
Q2
FindS = [e*tan"te* dx
Let tan-1 ¥ dv xdu e* x
etu=tan le¥,—=c¢ N v=e
dx ezx+1

S=e*tan"le eX

f 2x+1
NE=2

=e*tanle

o 1dk L
e 2dx 2
jer_l_ldx Jk+1dx—21n|k+1| —lnlex+1|

1
S=e*tan le* —Elnlezx +1]+c

ezx+1

Q3
Question
a) f 6+2x
Vi-4x— x2
b) The diagram below shows the region R bounded by the curve C with equation
Vinx

y=—% = 1, the x-axis and the line L with equation y =

) (x — 2). Find the exact
volume of the solid of revolution when R is rotated completely about the x-axis

Answer
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Question

(i) Using the substitution y = In x, show that [(In x)? dx = [ y?e¥ dy. Hence show that

f(nx)?dx = x {(Inx)? —2(In x) + 2} + c.

. o _(Inx, for 1<x<e
(ii) Itlsglventhatf(x)—{ 0, for e<x<3

And that f(x + 2) = f(x) for all real values of x.

(a) The region bounded by the curve y = f(x), the x-axis and the line x = e is rotated
through 2m radians about the x-axis. Find the exact value of the volume obtained.

(b) Sketchthe graphofy = f(x)for-3<x <4.

Hence find f_43f(x) dx.

Answer
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Volume = n’f(ln x)Idx
= )r[x{(ln x) -—2(lnx)+2}]
= )r[(c(l)' —2e+2e)-(2)]

= m(e~2) units’

10
(i)
(b)

jl nd)

e 3 4

x

Method 1:
. 2
I:’r (x)d,_gj'l |..xdx+j| In xdx
=3(1)+0.3863
=3.3863
=339

Method 2:
[4F(x)ax=3f Inxds+ [{1n(x=2)dx
=3(1)+0.3863
=3,3863
=339 3s.0)

&
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Question

Using substitution x = a sin 8, where a is a positive constant, show that

a a2
[02 — 32 dy — — _
f% a? — x?dx 24(41T 3V3)

An ellipse E has the equation x? + 3y? = a?
i) Sketch E, showing clearly the coordinates of any intersections with the axes.
ii) R is the region enclosed by E, the line y = x and the positive x-axis. Find the exact area

of R in the form kma?.

iii) For x > 0, S is the region enclosed by E, the line y = x and the positive y-axis. Using
a = 1, find the numerical value of the volume of the solid formed when S is rotated
through 2m radians about the y-axis

Answer



10 . dx
= = —=acosf
x=asin® =~
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2 s
L3
=a* (3 (cos’ 6)d0
L]
=
‘a,J-g (C03220+1) 0
1‘ :
& sm20+8]i
2 2 :
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Whenx=y, x¥*+3'=a’ = x=

LU (5

st e e o T

=71§ :;—4[%-&/5)}%

&m0l 4(3)
k -ﬁ or k= !
18 2

1001) | Leta=1 = x*+3y* =1

Volof § = .
u]?f dy+§x[%) (%J
i -n]?"(l-!y’) dy+%n(—;-)‘ (%)
=0.l‘62 units’
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Question

a) Find [ xsec?(x + a) dx, where a is a constant.

. x—1
b) Find fm dx
Hence find
. 2 x—4
(i) The exact value of | = X



x—1 . .
—x2_2x+2| dx where p is a constant, p > 1. Leave your answer in terms of p.

(ii) N

2-p

Answer

8(a) I xsec’(x+a) dx

= xtan(x+a) —I tan(x +a) dx

= xtan(x+a)— In|sec(x +a)| +C
OR: xtan(x+a) + In|cos (x+a)|+C

8(b) x-1 1 2x-2
I x’-h+zdxﬂ—i-[ 2 -2nzd‘

=—;—ln(x’-—2x+2)¢C

8(b) 1 x-4
@ I-x’—znzdx
2 x-1 2 3
=X _dx— [ ——dr
f ~2x+2 J X -2x+2
? x-1 2 3
=2 ——dx- [ ———dx
I' x’-2x+2d'x I' (x=1)'+1

=%[In(x'—2.x+2)]: —S[Km"'(x-—l)]‘:
=%[ln2-|nl]~3[un"l—un"0]

3x

1
=52-

8(b) |Notethat =1 __ x-1 .
(i) Po2x42 (,-.)’ﬂ'__*__:_

’ x-1 1
- dx
LrL’—an
x-1

+J-: x-1
r (x-1) +1 ' (x-1) 41
’

x=1
s ————dx
2), - (by symmetry)

»
I

-2[—;-In(x’—1x+2)] =In(p*-2p+2)
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Question
By using the substitution u = 1 — x, show that fol x"(1—x)"dx = fol(l —x)"x™ dx

. 1 .
Hence, or otherwise, evaluate fo x2v1 — x dx, express your answer in exact form.

Answer

d
= Fromu=l-x, L =-1.
dx

Limits: when x=0,u =1, and when x=1,u=0.
Therefore [|#*(1-2)" dx = [} (1=u)"u" (~du)

= I;(luu)' u" du

= jl(l x)" x" dx (by a change of dummy variables)

o
By substituting n=2 and m =% into the previous result:

1a (O PR
[ox (1=x)2 de= [ (1=x)" 27 dr
'

= [ (1-2x42) 2T dx

0

1 L 3 4
= Lx’ —2x7 +x?dx
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Question

A curve has equation given by y = (In x)? — 1, where x > 0.



(i) Sketch the graph, indicating the exact coordinates of the x-intercepts and the turning point.
The region R is bounded by the curve and the x-axis.

(ii) Find the exact area of R

(iii) Find the volume of the solid generated when R is rotated through 2m radians about the

y-axis
Answer
110 v |
!
(e",0) x
o \_T/’@m |
(] |
x=0 |

To obtain x-intercepts, let y=0
=(nx)’ =1
=Inx=%1
=x=c ore™
4 . . dy

To obtain the turning point, find o =2lnx.
Let 2 202 2nx=02x=1

dx

Thus coordinates of turing point is (1,-1).

11(ii) | Area of region R

= [ ~{nx)-1)ex
=~[x(|n x)’IV' +£.x2]"x dx+[x]

x

=(e -c") +2([xlnx]:,. —I;l dx]+(e—e")
=—(e-e)+2((e+e”)-(e~e™)) +(e-¢")

=4e”!

11(iii) | Make x the subject:
y=(Inx)’ =1
=nx= iJ ;l
=x= c'm

Thus the volume obtained
0

=a[ (e ) () dy=122 (o0358)
o

Q9
Question

(a) Find [tan™1x dx
. 2x
(b) Find fmdx

b, 1, . 2
(c) Use the substitution x = —to find the exact value of fl

L dx
xVx2-1

Answer



N R LY L 2
Ilnn xdr=xtan r—;jx—,:drfc

=xtan™ :—-;—In(x’fl)ﬂ

) f 2x
X +2c41

2x

Alternative solution:

Ix’#hol e

[o222_ z
F42x+l (x41)

=in(x* + Z.\H)«T%or

P
x+l (x+1)

=2In(x+1)+

2
X+l

7c

[ :,‘l,_-, dre I.—J‘lf_"['.il‘) o

“ |I’

Jlgjr'__;' du
:[sin"u]‘;

x

3

Alternative solution:

<y e

S i
feoru

3
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Question

A curve (C is defined by the parametric equations x = cost,y = sin2t,for0 <t < 2m.

(i)
(i)

(iii)

Answer

Sketch the curve, stating the coordinates of any points of intersection with the axes.
Vs
Show that the area enclosed by the curve C is 8 fOZ sin? t cost dt. Given that

[sin?t cost dt = isin3 t + c, find the exact area enclosed by the curve C.

By finding the Cartesian equation of C or otherwise, find the volume of revolution
formed when the area enclosed by the curve C is rotated completely about the x-axis,
giving your answer correct to 3 decimal places.



Bii | Since the figure is symmetrical,
Area =4ﬁ(llu21)(—sim) dr
?
£
=a|sinsin 24 dr

=lfﬁn'lcos: dr
. 0
Am-s[l‘lil
3
8
.4

BIl | y=sin2
= 2sintcost

wt2fi-2
Vol-m-zx[.'(zxm)' dr

=3351
Alternatively,

Volumc-UI;(lin )’ (~sinr) &t

=3351
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Question

The region enclosed by the curve y = e* sinx where 0 < x < %, the x-axis and the line x = %is

denoted by A. Find the exact area of A.

Find the volume of revolution when the region bounded by the curves y = e* sin x,

1 . . .
y=x+x*+ §x3 and the linex = g is rotated completely about the x-axis.

Answer

2 ) £

Area of A = L’e'smxdx
s[e’sinx]i’i _L%e‘oosxdx

- 5E
agh ,_{[e" ccmx]_7 +Ee' sinxdx}
_,,.,';‘ .{-]+I§c‘sinxdx}
2]}z‘sinxdx=o%+l

‘4 I £
I’e'sinxd.x=— e?+1
o 2

Volume
=,[;§[x+x= o) i sanx)‘]dx

~3.19 units’
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Question

2
Find [ ——— dx. Hence find f(1f4+2)2

(1+4x2)2

dx



Answer

2
{ x —dr= 1. . 8% :
J (1+42) 8 (1+427)
| (o +c
8\ 1+ax

4t x
% axm [4x—E—dx
I(1+4x‘)’ Jas (1+42)

x 1

-42(l+4x')*'[2(l+4x’)dx

B gL
2(1+4x7) 4

tan” 2x 4 ¢
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Question

A curve has parametric equations

2

x=m,y=1L_t,wheret¢ 1.

(i) Points P and Q on C have parameters p and g respectively such that p < q. Point A is a
pointon C whent = 0. The normal to C at point P and the normal to C at point Q both
pass through point A. Find p and q.

(ii) Find the area of region bounded by C for y > 0, the line x = 8 and the x-axis.

Answer



11(i) Point A(2, 0)

dx 4 dy 1

TR B
1
o =0 1.,
&« 4 4
(%

4 2
Equation of normal: y-T‘——I = —-l—:[x -a_—’),]

Since the normal at Pand Q pass through 4,

t 4 2

(| LS. A § Y0

1-t l—:( (1-,)’]
8 8

Sl ot
(1=1) 1-t
Simplifying,

£-100* +17t =0

(=10t +17) =0

(=0, 1 =10(+1720=5422
Therefore, p=5-22, g=5+22

(i)

When x =8,

_7;_,=3=1=.l. or -;:(rcjccled sincey 20)

(-1

Area of region R
'y de
=Ly
1
g ;I_(J_;]d.
o |~ (1=1)
'
=I'i-. 4’»—. dr
e (-0

= '_3‘3 (iising GC)
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Question
(i) [ x?e*dx
(ii) Hence, find the exact volume of the solid of revolution formed when the region

1
bounded the curve y = xez”, the line y = 2e, x = 3 and the x-axis is rotated through 4
right angles about the x-axis.

Answer



30 gt B
j x’e* dx =xle* -Zj.xc"dx+C' Mo ymd
dx
=x’e’—2(xe"—je’dx)+€' umx  Wos
&

=xle* —2xe* +2¢* +C

=c’(x’ -—2x+2)+C

'
y=2e =xel =2 y
=> x=2 (by observation) ’[

Required volume = xi[xe‘;'] dx+7(2e) ) B d ] H
° — x

2
= ;rj x*e*dx +4ne’
o

o
~
w

= :r[e" (x’ ~2x+ 2)]: +ane’
=n(e? (4—4+2)-2)+4ne?

=6me? — 27
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Question

(i) Differentiate J%sz with respect to x.

xsin~1(2x)

(II) Find fmdx

Answer
Qn. Solution
Marks 5
13 -
¥ dl. =-l(1—4x1) 2.(-4)(2x)
21 de| Ji_as? 2
d 4x
(|_4x2)3

1(ii) J' xsin™ (2x)
B3], (l R xz)’

=I A Lin™'(2x) ax

’ 4

(1—412)3

=l -—l-sin'l x) - R g dx

_T__l_‘g,,: 7 (2x) I ]1_4)‘1 4 ’lz—(Zx)z
sin—l(Zx) 201 2
4y1-ax? Ilz-(h)z #

4
o sin”! (2x) Al

s
142x sin”'(2x) 1, 142x
In —‘{+C or —=In——+C
af1-4x* 8 |1-2x| 4;1_41‘2 8§ 1-2x
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Question

(i) Find [ xsinx dx.
(i) Sketch the graphy = xsinx for0 < x < kmrwhere 1 <k < %



I k . .
It is given that fo " | xsinx | dx = grc + ‘/;where kisaconstantsuchthat1l < k < %
Find the exact value of k.

Answer
Question 3 (8 Marks) —
i Ju=x dv_

d_ll_l —==sinx

dv V= =CosX

Ixsmx de= —xcosx+.[cosx dx

=—XCOSX+Sinx+cC
ks 4 3
L |xsinx| dx= §n+-‘/2——

Using GC to observe the graph of y = xsin x, we see that
it is above the x-axis from 0to = and below from = to

kx where l<k<%.

x x L3 .
I Ix&inx‘ dx=[ xsinxdn—] —xsin x dx
o o "

=[-xcos x+sin x]: —[=xcos x+sin x]:'
-’x-[—kxoos(k;r)ﬂin(kx)-x]
=21 +krcos (kx)—sin(kx)

=[2+kws(kn’)]’)r—sin(hﬂ)-:;—x-fg

Comparing the. term without the factor 7,

sin(kx) = —73

=>kx-4” <X
33

& 5
k=—or =
> 30[ 3

4
Sineel<k<%..-.k=—3 L
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Question

ax or0<x<a
It is given that f(x) { !

2a% —ax fora<x<2a

And that f (x + 2a)

1 . o
Ef(x) for all real values of x where a is a positive real constant.

(i) Sketch the graph of y = f(x) for—2a < x < 4a

(ii) Show that the exact value of fozaf(x) dx = ka3, where k is a constant to be
determined.
(iii) Hence, evaluate exactly, in forms of a, fo f(x) dx.

Answer



Question 7_[7 Marks]

1
4o
i Y=£60)
o | ® & 2 4 7:(.

2a ' 2a
I f(x) dr:J‘ axdx+| 2a*-axdx
0 o

2a
- EL,. + Zazx—"_x:.
2 § | 2

3 b ) 3
afilaa? 28 a3, 8
2 2 2

=a

So k=1.

Alternatively,
2a ; l - 3
I f(x) de=-—(2a)(a*)
0 2
=a’

So kmi-
I- £(x) dx
0

,%(za)(,.z)+.;.'<2a>(§a§j+%(za,[(;)‘a=]+...

._.,,)[1+12+(§)’+...) :

.
-1
2
=2a’
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Question

A curve C has parametric equation

1 T
x =1—cost, y=§sin(2t), for OStSE
(i) Sketch C, stating the coordinates of any points of intersection with the axes.
(i) Find the equation of the normal to C at the point where t = z

(iii) The region R is bounded by the part of the curve C where 0 <t < %, the x-axis, and the

. . Vs .
vertical line x = a where« = 1 — cos p Find the exact area of R.



(iv) Determine a Cartesian equation of C, and use it to find the numerical value of the
volume of revolution when R is rotated completely about the x-axis.

Answer

estion 12 [12 Marks]
i

3

dx _ .
x=1-cost=>—-=sint
dt

y-—;_Sin(ZI)=%;_;‘(2)CW(2{)=CQ;(Z,)

sint

&
dy _r  cos(2)
ax e

di

puli3)-( )

So, equation of normal is
e 1)
e
N B
———3x-—
ot =3 >

sy=v3 -g




Method 1:
Area of R

-I:,a

' 3
-L‘%dn(’h)-m\'dl
= %linlmhlinldl

-L%ml(linl)’ dt

o]

-%(ﬂn%]‘-%(lin 0)'

Method 2:
Areaof R

-L',a
'.f%ﬁn(u)-nnm
-%L%dn(zr)qinldl

-% .(-%)(wﬂl—nou )dt

11 d
= —I[;un 3r—-sin r]:

1(1 . 3« x
- 4(3""6 slns)




iv

Finding Cartesian cquation:

Method | ;
x=l-costcost =1=x=>1=cos™ (1-x)
y--;-sin(ﬂ)

y=%sin(2cos" (1-x))

Method 2

x=1-cost
=cost=|~x

asinr=,’l’—(l—x)’ l

= sint=y2x—x*

y=%sin(2{)

y=sintcost

sy=Vlx-x -(1-x)

Method 3

x=]=cost=>cost=1—x
y= -;-sin(ﬂ)-sinvt cos
= y=sint-(1-x)

=2 =sint
1-x

sin® r4cos’ £ =1

=>(-y—)1+(l—x)’ =1

I=%
oy =(1=x)' =(1-x)*

Required volume
efl e




