Integration and its Application ()
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b) The diagram below shows the region "Y bounded by the curve 6 with equation

o I —fp p, the craxis and the line O with equation 0 —— @ ¢ &ind the exact
volume of the solid of revolution when 'Y is rotated completely about the waxis
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Question

(i)

(if)

Answer

Using the substitution @
I H Qo o lb

I tashowthat, 1 Qo _ ®Q 'QdHence show that

It is given that "Qw

Andthat™Qw ¢ "Qwm for all real values of a8

(@) The region bounded by the curve @ "Quw, the waxis and the line @ 'Qis rotated
through ¢* radians about the waxis. Find the exact value of the volume obtained.

(b) Sketchthe graphofd ™Qw forzo w 1.

Hencefind, Qo Q@
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Volume = n’f(ln x)Idx
= )r[x{(ln )} -—2(lnx)+2}]
= )r[(c(l)' —2e+2e)~(2)]

= m(e~2) units’
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Method 1:
e 2
[*£(x)dx =3 nxdx+ [ 1n xdx
=3(1)+03863
=3.3863
=3.39

Method 2:

[4F(x)ax=3f Inxds+ [{1n(x=2)dx
=3(1)+0.3863
=3,3863
=339 3s.0)
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Question

Using substitution & O E-Fwhere is a positive constant, show that

o~ O - —
0w 0wQw —1* oo
_ CT
An ellipse Ohas the equation® oW @
i) Sketch ‘O, showing clearly the coordinates of any intersections with the axes.
i) "Yis the region enclosed by ‘O, the line @ @and the positive aaxis. Find the exact area
of 'Yin the form Qo 8

iii) Forw T, "VYis the region enclosed by O, the line w  wand the positive wraxis. Using

@ p, find the numerical value of the volume of the solid formed when "Vis rotated
through ¢ radians about the waxis

Answer
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a) Find_ wOA & & Q dwhere Gis a constant.

b) Find, —— Q®
Hence find

(i) The exact value ofk —Q



(i) . ——— Qawheren is aconstant, ]  p. Leave your answer in terms of .

Answer

8(a) I xsec’(x+a) dx

=xun(x+a)—_[ tan(x +a) dx
= xtan(x+a)— In|sec(x +a)| +C
OR: xtan(x+a) + In|cos (x+a)|+C
8(b) x-1 g 22 ,
dr=— dx
Ix’-znz 2-[ X =2x+42

=—;—ln(x’-—2x+2)¢C

8(b) r x-4
"
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Question
By using the substitution 6 p dfshowthat, & p & Qo . p ® ® Q®

Hence, or otherwise, evaluate . & Vip  @Q dexpress your answer in exact form.

Answer

d
Z | fomu=t-x, %=1,
dx

Limits: when x=0,u =1, and when x=1,u=0.
Therefore [|#*(1-2)" dx = [} (1=u)"u" (~du)

1 PR
=L(l~u) u" du

= jl(l x)" x" dx (by a change of dummy variables)

o
By substituting n=2 and m =% into the previous result:

1a (O PR
[ox (1=x)2 de= [ (1=x)" 27 dr
'

= [ (1-2x42) 2T dx

0

kBl
=Lx’—2.\"+x’d.x
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Question

Acurve has equation givenby 0 1 t  phwhere® T



() Sketch the graph, indicating the exact coordinates of the aintercepts and the turning point.
The region Yis bounded by the curve and the waxis.

(i) Find the exact area of 'Y

(iii) Find the volume of the solid generated when "Y'is rotated through ¢* radians about the
waxis

Answer

16 |

0 |\ o~ (=0 ‘
|

| o]

To obtain x-intercepts, let y=0

=(nx)’ =1
=Inx=%1
=x=c ore™
4 . . dy
To obtain the turning point, find o =2lnx.
Let £ =02 2Mnx=02> x=1
dx

Thus coordinates of turing point is (1,-1).

11(ii) | Area of region R
= [ ~{nx)-1)ex
=—[x(|n x)! I +£.x2]"x dx+[x]

x

=(e -c") +2([xlnx]:,. —I;l dx]+(e—e")
=—(e-e)+2((e+e”)-(e~e™)) +(e-¢")

=4e”!

11(iii) | Make x the subject:
y=(Inx)’ =1
=hx= i\/ ;H
=x= c'm

Thus the volume obtained
0 2 2

=:J (&) (™) dy=122 (035£)
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Question

(@) Find, OATwQw
(b) Find_ Q6

(c) Use the substitution @ - to find the exact value of - Qw

Answer
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Question
A curve 6 is defined by the parametric equations 0 A To@ OFEbiform o ¢“.
0) Sketch the curve, stating the coordinates of any points of intersection with the axes.

(ii) Show that the area enclosed by the curve 6 is . ~ O E A T 6 0Given that

_OEbATO®MO -OEd find the exact area enclosed by the curve 68

(iii) By finding the Cartesian equation of 6 or otherwise, find the volume of revolution
formed when the area enclosed by the curve 0 is rotated completely about the axis,
giving your answer correct to 3 decimal places.

Answer



8i
i | Since the figure is symmetrical,
Area =4ﬁ(llnb)(—sim) dr
i

=

.
=a|sinsin 24 dr

=lfﬁn'lcos: dr
. 0
Am-s[l‘lil
3
8
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Biii | ywsin2

= 2sintcost

=42x 1=
Volume = 2x)(2x:/1 = )' dar

=3351
Alternatively,

Volumc-UI;(lin )’ (~sinr) &t

=3351
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Question

The region enclosed by the curve @ Q O Eidwherem @ -, the axisand the line® —is
denoted by A. Find the exact area of A.

Find the volume of revolution when the region bounded by the curves @ 'Q O Eh

W ® ® -w andthelinew -isrotated completely about the craxis.

Answer
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Area of A = L’e'smxdx
=[e’sinx]§ _L%e‘oosxdx
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Volume

=x[f§[x+x’ *—ljx’)l —f’(e' sinx)Z]dx
~3.19 units’
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Question
Find 'Q aHence find | Qw
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Question

A curve has parametric equations
w —Hhd —Hhwhered p.

(i) Points 0 and O on 6 have parameters ) and 1} respectively such that) 1. Point d is a
pointon ® when® 1t The normal to 6 at point 0 and the normal to & at point O both
pass through point 6. Find rj and r.

(i) Find the area of region bounded by 6 for T, the line @ Wand the aaxis.

Answer



11(i) Point A(2, 0)

dx 4 dy 1

—_— and —=——r

&t (1-1) dt (1-1)’
LU

dy (1=¢ 7

Z. = =(]=

dx 4 4( 1)
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4 ¢ i t 4 ” 2
Fquat normal; y=—— s e | e
Equation of nc y =7 — (l_’]_’

Since the normal at Pand Q pass through 4,

t 4 2
T ’:("W}

kol 8t
(1=1) 1-t
Simplifying,

£-10 +17t =0

(=10t +17) =0

(=0, £ =101+1Tm020=5+242
Therefore, p=5-22, g=5+22

(i) y

When x =8,
_.2_—;-8::1:-‘- or -J»(rcjccted sincey 20)
-1 2
Area of region R
'y de
=Ly
—I%_’_ _,_'S__]dt
o 1—r\ (1=1)
;4

e e

= ‘_3‘1 (iising GC)
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Question
(i) L 000w
(i) Hence, find the exact volume of the solid of revolution formed when the region

bounded the curve &0 ¢X2 Fthelinew ¢ o oand the craxis is rotated through 4
right angles about the a-axis.

Answer



36) umgd W

j x'e* dx =x’e’-ZJ.xc‘dx+C' o g
dr

=x’e’—2(xe"—je‘dx)+€' umx  Wos
&

=xe" —2xe* +2¢* +C

d"-l o
=c’(x’ -—2x+2)+C
(ii)
i
y=2e =xe! =2 y
=> x=2 (by observation) ’[
t LY 2 v 28
Required volume =xj(xe’ ] dr+7(2e) d: H
L} — x
2 0
=;rj':<’e"d.~r+4:|'c2 i :
o
= :r[e" (x’ —2x4 2)]: +4xe’
=n(e? (4—4+2)-2)+4ne?
=6ne’ — 27
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(i) Differentiate — with respect to

(i) Find, ———Qw
Answer
Mgl:ks Solution
[0) £3
B s
1-4x
d 4x
(|_4x2)3

1(ii) J' xsin™'! (21)

B, ‘ l 4x
=I F};)—a-;sm ~!(2x) dx

1 ) | 1 1 2
= .—sin”" (2x) -I - dx
e 4 fl—ax® & ’lz_(zx)z

sin~'(2x) 1 J‘ 2

Wiar 42—
sin'(2x) 1, [142x sin”!(2x) 1 142x
=4 ey —-gln 1 +C or 7::—---4 e BIn—-l_2.7‘+l'.'
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Question

()  Find. 0O E&IQ®
(ii) Sketch the graph 0 @O Edform @ "Q“where p



ltisgiventhat, swO Bk Qd -* “ where Qis a constant such that p
Find the exact value of 'Q

Answer
Question 3 (8 Marks) i
i u=x a4v...
ﬂ-l —==sinx
dv v ==C0osX

Ixsmx de= —xcosx+jcosx dx

=—XCOSX+Sinx+cC
b 4 3
L |xsin x| dx=§n+‘—/2——

Using GC to observe the graph of y = xsin x, we see that
it is above the x-axis from 0to = and below from = to

kx where 1 <k <%.

™ x W
I Ixsinxidx:j xsin:dn—j —xsin x dx
o o "

=[-xcos x+sin x]; —[=xcos x+sin x]:'
=’x-[—kxoos(k:r)+sin(kx)-x]
=21 +krcos (kx)—sin(kx)

=[2+kws(k:r)])r—sin(kx)-%n-r%

Comparing the. term without the factor 7,

i o L
sin(kx) = 2
4n Sx
kx=—
= 3" 3
& 5
=k—; or 3

4
Sineel<k<§i..-.k=—i L

Q17
Question

W EM ® W

It is given that "Qw L v o w .
CW WWAE® W CWw

Andthat" Qo ¢ -"Qu for all real values of cwowhere (is a positive real constant.

(i) Sketchthe graphof @ Qo for ¢c®0 @ TW

(ii) Show that the exact value of .  "Q® Q& @ hwhere Qs a constant to be
determined.

(iii) Hence, evaluate exactly, informsof 3, Qo Q&

Answer

Q

-8



Question 7 [7 Marks]
i

d.m

e ) +

o&)‘a_*—‘7
. ~N 30 Yoo o

2a ' 2a
I f(x) dr:j axdx+| 2a*-axdx
0 [

2 2 2a
- gx_ + Zazx_ﬂ.
2 § | 2

3 b ) 3
afilaa? 28 a3, 8
2 2 2

=a

So k=1.

Alternatively,
2a ; l i 3
I f(x) dx=-(2a)(a*)
0 2
=a’

So k=1,
_L. £(x) dx

-_-%(Za)(az)+-;--(2a)(%a.’.j+-l§(la)[(-%)1 a*]+...

=,,)[H12+(%)’+...] :

Y %2
-1
2
=2a’
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Question

A curve C has parametric equation

o p A EOE&O PoAD o ¢
() Sketch 0, stating the coordinates of any points of intersection with the axes.
(i) Find the equation of the normal to ¢ at the point where 6 -.

(iii) The region "Yis bounded by the part of the curve 6 where Tt 0 —, the @waxis, and the
vertical line® | where] p A T—CFind the exact area of 'Y.



Determine a Cartesian equation of 0, and use it to find the numerical value of the

(iv)
volume of revolution when "Yis rotated completely about the caxis.

Answer

Question 12 [12 Marks]
‘ 3

il 8o
x=1=cost=>—=sint
dt
y=Lsin(2r) > 2 =L(2)cos(2r)=cos (2r)
2 d 2

So, equation of normal is
3 1)
y-Sm (-

¥ NE)
e
oym =B




Method 1:
Area of R

-I:,a

' 3
-L‘%dn(’h)-m\'dl
= %linlmhlinldl

-L%ml(linl)’ dt

o]

-%(ﬂn%]‘-%(lin 0)'

Method 2:
Areaof R

-L',a
'.f%ﬁn(u)-nnm
-%L%dn(zr)qinldl

-% .(-%)(wﬂl—nou )dt

11 d
= —I[;un 3r—-sin r]:

1(1 . 3« x
- 4(3""6 slns)




iv

Finding Cartesian cquation:

Method | ;
x=l-costcost =1=x=>1=cos™ (1-x)
y--;-sin(ﬂ)

y=%sin(2cos" (1-x))

Method 2

x=1-cost
=cost=|~x

asinr=,’l’—(l—x)’ l

= sint=y2x—x*

y=%sin(2{)

y=sintcost

sy=Vlx-x -(1-x)

Method 3

x=]=cost=>cost=1—x
y= -;-sin(ﬂ)-sinvt cos
= y=sint-(1-x)

=2 =sint
1-x

sin® r4cos’ £ =1

=>(-y—)1+(l—x)’ =1

I=%
oy =(1=x)' =(1-x)*

Required volume
efl e




