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Question

By using the substitution u = 1 — x, show that fol x™"(1—x)"dx = fol(l —x)"x™ dx

. 1 .
Hence, or otherwise, evaluate fo x%V1 — x dx, express your answer in exact form.

Answer
z meu:l-x.dlzvl.
dx
Limits: when x=0, 4 =1, and when x=1,u=0.
Thercfore [\ 2 (1-2)" dx = [ (1-u)"u" (~du)
' A
=L(l~~u) u” du

Q2

- j:(] x)" 2 dx (by a change of dummy variables)

'

[ (1=x)t de=[[(1-x)" o
.

= [l(1-2x4x") 2 dx

v

=[5t ~2xt 4xl de
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w23 43020 o 16
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By substituting n=2 and m =% into the previous result:

Question

(a)

(i) Show that (k + 1)k — k! (k — 1) = k! (k? + 1).

(ii) Hence find Y7_, k! (k? + 1)

(iii) Using your answer in part (i), find Y21(k + 1)! (k? + 2k + 2).

(b) The graph of y = e2**1,for 0 < x < 1, is shown in the diagram. Rectangles of equal width are

drawn as shown in the interval between x = 0 and x = 1.
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Show that the total area of all the n rectangles, A4, is given by % (M).

2
1—en

By considering the area under the curve y = e?**1, find the exact value of the limit of 4



2

(iii) Hence show that ez—n > k, where k is a constant to be found. Find the largest

n(en—1)
possible value of k.

Answer

11 | Summation & Integration

ai | LHS= (k+ )1k —k!(k-1)
=kI(k(k+1)—(k=1)
=k!(k* +1) = RHS

& ikl(k’ +)= 2[(1: +D)k-ki(k=1)]
= -
i = 24) - 11(0)
+41(3) -
L
+nia=])-(n-1N
*m‘l)
=(n+1)n
(i) | & T 3
S k1)t 42642y = 3, (k14 1)U(k-1)"+2(k=1)+2) (replacek by k1)
(] A
=k 4 1)
=
=ik!(k'+|)-n(|‘+l)
=
=(n+)in-2
Al ive Method: (Strongly not Y
Result: tk!(k’+l)-(,|+|)|"
=
Replace k by k+1,
1 Y("*‘)l((kﬂ)'+l)-(n4|)|n
|
o
=3 (k+1)10k* + 2k +2) = (n+ 1) n
=
(=)
S (E+1) K +2k+2)
-
=g(k+l)l(k’+2k +2)=(0+1)4(0% +2(0)+2)
=Z.]k!(k'+l)—z
-
=(n+))In=2
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Question

Ba 2w Aelly o
((?)) A=l[=: +¢* +..t0 «-.]
n

(i) [As n—ow,

)

(i) | Since the sum of the area of rectangles is an overestimate,
2 (i
-4 _'J‘__:_). >5(e’—l)
n A 2
1-e"
2
Sy
»i[ﬂ:’—l};(e'-n)
nl 2
e -1

é L (oe(l:’—l) on both sides since ¢ (¢’ _—l)>0)

|
sk=
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The curve C; has equation xT + y% = 1. The curve C, has equation i y? =1.

Sketch C; and C, on the same diagram, labelling clearly the exact coordinates of the
point(s) of intersection with the axes and the equation(s) of the asymptote(s), if any.
Find the volume of revolution when the region bounded by C;, C, and the liney = 1 for
x = 0 is rotated completely about the x-axis. Give your answer correct to 4 decimal

By using a substitution of the form x = a cos 8, where a is a positive constant and 0 <
6 < g, find the exact area bounded by C;, the positive x-axis and the line x = 1.

(i)
(ii)
places.
(iii)
Answer
123)
12 ()
2 b}
G: —'d—+ y =1 ::y‘sl-‘T
)
G: : -y =1 ﬁ.)"":‘ =1
Volume gencrated
N e of. 2 Al 2
=x(1 )(Js)r—xju(xf 4,]4,,.[’ [,;_.]‘u
=3.4701 (to 4 dec places)
12 (i) 3 —
JrT¢y’=l = V=J|‘%
! : Using the substitution x =2cos®, L2 =-2sinf.
de
When x:l.OE% ; when x=2,0=0.
s 7
Area of region = | Jl—%mﬂ;,’l—ﬁ"‘if(-mna) a6
=[5 25in? 0 40 = 1-cor20 46
L] 0
=[8~;sm(20)}:
51 s.n(rzz)]-[o-ignm]
32 3 2
2B
3 4
Q4
Question

It is given that f(x) = {

ax for0<x<a
2a2 —ax fora<x<2a

And that f(x + 2a) = %f(x) for all real values of x where a is a positive real constant.

(i)
(ii)

(iii)

Sketch the graph of y = f(x) for—2a < x < 4a

Show that the exact value of fozaf(x) dx = ka®, where k is a constant to be
determined.

Hence, evaluate exactly, in forms of a, fooo f(x) dx.



Answer

Question 7 [7 Marks)

\
3/_1&2&
A
Y y=4)
o a | & % 3o 4 730

i

So k=1.

Alternatively,
h ]
[ 100 e (2a)(e”)
0
-.-.a’

S kmi
.r £(x) dx
0

.%(za)(az)+%kza)(-;-a?j»:%(za)((%)z a’]+-...

ofieie(3) ]

= a’ . 1
-1
2
=2a’
Q5
Question

A curve C has parametric equation

1 T
x =1—cost, y=§sin(2t), for OStSE

(i) Sketch C, stating the coordinates of any points of intersection with the axes.
(ii) Find the equation of the normal to C at the point where t = g



(iii) The region R is bounded by the part of the curve C where 0 <t < %, the x-axis, and the
vertical line x = a where @ = 1 — cos %. Find the exact area of R.

(iv) Determine a Cartesian equation of C, and use it to find the numerical value of the
volume of revolution when R is rotated completely about the x-axis.

Answer
it
estion 12 [12 Marks)
s :
t Method 1:
O' i £ Area of R
=[] yax
" .x=l—oou=%-sinl -L%%sln(ﬂ)-;inlm
y-%sin(?l):o%=%(z)cos(2,)=m(z,) =[Fsinrcos -sinrd
& =L=mil(:inl),dl
dy _dr . cos(¥) y
dx dx  sint '[%“"‘"T
dt ;
> ﬂi‘(ﬂn%) —%(ﬁno)’
Atr=Z, -1(1] "
I R O (e 32
Y22 =L units?
1 2\ 1(V3)_ V3 2%
y=—s(n(2-——]=; o .
2 3 i
2 1 Areaof R
cos| =—| -= ”
L M ) S S = ydx
= "“t%) 7} & _ & [F dsin () sincar
Y
So, equation of normal is -;L sin (2¢)-sin dr
y—@-ﬁ(x—%) -3 z(—%)(cos!l-wsr)dl
NE) V3 e o z
y“T“E‘——l‘ = 4[3!1-3' sil II
1. 3% %
.-.y:ﬁ —.‘/—5 "‘:(3lin?—:lnz]
) ity
4\3 2
-.l.um'
2




iv | Finding Cartesian cquation:

Method | ;
x=l-cost=>cost =1=x=>r=cos” (1-x)
y=%sin(2!)

=%sin(2cos" (1-x))

Method 2

x=1-cost
=cosl=]~x

:asim=,[|’—(1-x)’ '
= sint =y2x—x*
=—l-sin(‘.’1)
2

y=sintcost

sy=Vlx-x -(1=x)

Method 3
x=|=cost=>cost=]-x

y--%sin(Zl)-sin_l cos ! 3
= y=sint-(1-x)
Y

= —=—=sint
I-x

sin® t4+cos’ t =1

:(%x)]+(l—x)'=l

1
oy w(1=x} ~(1-x)"

Required volume
a4

= JI'L yhdxe

=X J:""Z yi dx

o

=0.0447829016
=0.0448 (3s.0)

Q6
Question
(a) The curve C is defined by the parametric equations

t3+t
x=Int, y=i,wheret>0.

Another curve L is defined by the equation y = e2*. The graphs of C and L are shown in the
diagram below.
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Find the exact area of the region bounded by C, L and the line x = In 2, giving your answer
in the form In b where b is a constant to be determined.

(b) The curves V and W have equations 2y = (x — 1) + 4 and y = 2x?

Respectively. The region in the first quadrant enclosed by the curves and the y-axis is

denoted by S.

Find the exact volume of the solid generated when the region S is rotated through 2m

radians about the y-axis.

41

Answer
e Wi
Area of the region = Ie"dx—jydx
o o
o Y7
=j’e"dx_j' '_L'](l)d,
4 ASEIPIY
i JEtta
2 3 1+
2 2
o LS iy S
i _[5e I _!l 1+l
- - 3
10 | (a) The curve C is defined by the pa,rlmetnc equations =[le"]:’ _[i..l R 1)]
[ x=lnr, y="2L where 150, 2 2 t
Jam_ 1
2 2

‘Another curve L is defined by the equation y = . The graphs of C and L are
shown in the diagram below.

¥y

1
—

0 7 X

Find the exact area of the region bounded by C, L and the line x=In2,

(b) The curves ¥ and W have equations 2y=(x—1)'+4 and y =2+
respectively. The region in the first quadrant enclosed by the curves and the
y-axis is denoted by S.

Find the exact volume of the solid generated when the region S is rotated
through 2 radians about the y-axis.

giving your answer in the form Inb where b is & constant to be determined.

[4]

Solution

dr 1
i,

y=22*

R

~
},\ Dl

y=—‘2-(x—l)z+2




2

s
Required Volume = ”[.’[%d)’ﬂi(l A \[2_)“_4)1 dyJ
o

=,{[’%[ +i(l—2\/m+2y—4)dy}

=rexf(-2fay=a+2y-3)dy

5

3
o —4):
=xA4N ._zgzy_)_.,,yi_;y

K

[ 2 30, oy ;
=x+n _3(2}'—4)’ +y' =3y
L 2

.,+,:[-§(z(§)-«)*+(§)’-a(g)];(—g(z(z)—«)i+(z)’-3(z)]}

k4
=
12

L15% cubic units
12
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Question

(a)

(i) By using a graphic calculator, find the x-coordinates of the points of intersection of
the curves y = e* and y = 2x + 1. Hence solve the inequality e* < 2x + 1

Hence solve the inequality e* < 2x + 1.

(ii) Hence, find the exact value of f_lz le* —2x — 1] dx

(b) Find [ =1 ax

x2—4x+7

(c) Find [(sinx)In(cosx) dx

Answer

~

(a) (i) By using a graphic calculator, find the x-coordinates of the points of
intersection of the curves y =e” and y=2x+1.

=[¢‘ -x -x]: —[e‘ -x —x]:’ N "

. 2x+1
Find
(8): e Ix’—4x+7

Hence solve the inequality e <2x+1. 2l =6-e" ~¢
: 1 2x+1 2x-4+5
i) H find the exact value of | |e* —2x~1| dx. = | .
(ii) ence, fin value of J;l l 3] (b) Ix’—4x+7 Ix’—4x+7

l. | () Find jsinxln(cosx) ..

2]

2x—-4 5
o I 2 dx .( 2
X' ~4x+7 (x=2) +3

Solution

(ai) x=0orx=126

=ln().J —4x+7)+%lan"[5§z]+c

0<x<1.26

€ -2x~1<0 for 0<x<land " —2x—1>0 for 2<x<0

© Isinxln(cosx) dx=—cosxln(cosx)_'[(_°°sx)(‘cj%) A

(mik -2:—1|dx=l((-2;-1)d;—i(.‘ ~2x-1jix

=—eosxln(cosx)-Isinx dx

=~cosxIn(cosx)+cosx+C




