
Q1  

Question 

By using the substitution 𝑢 = 1 − 𝑥, show that ∫ 𝑥𝑛(1 − 𝑥)𝑚1

0
𝑑𝑥 = ∫ (1 − 𝑥)𝑛𝑥𝑚1

0
𝑑𝑥  

Hence, or otherwise, evaluate ∫ 𝑥2√1 − 𝑥
1

0
𝑑𝑥, express your answer in exact form. 

 

Answer 

 

 

Q2  

Question 

(a)  

(i) Show that (𝑘 + 1)! 𝑘 − 𝑘! (𝑘 − 1) = 𝑘! (𝑘2 + 1). 

(ii) Hence find ∑ 𝑘!𝑛
𝑘=1 (𝑘2 + 1) 

(iii) Using your answer in part (ii), find ∑ (𝑘 + 1)!𝑛−1
𝑘=1 (𝑘2 + 2𝑘 + 2). 

(b) The graph of 𝑦 = 𝑒2𝑥+1, for 0 ≤ 𝑥 ≤ 1, is shown in the diagram. Rectangles of equal width are 

drawn as shown in the interval between 𝑥 = 0 and 𝑥 = 1. 

 

(i) Show that the total area of all the 𝑛 rectangles, 𝐴, is given by 
𝑒

𝑛
(

𝑒
2
𝑛(1−𝑒2)

1−𝑒
2
𝑛

). 

(ii) By considering the area under the curve 𝑦 = 𝑒2𝑥+1, find the exact value of the limit of 𝐴 

as 𝑛 →  ∞ 



(iii) Hence show that 
𝑒

2
𝑛

𝑛(𝑒
2
𝑛−1)

> 𝑘, where 𝑘 is a constant to be found. Find the largest 

possible value of 𝑘. 

 

 

 

 

 

 

 

 

 

 

 

Answer 

 

 

Q3  

Question 



The curve 𝐶1 has equation 
𝑥2

4
+ 𝑦2 = 1. The curve 𝐶2 has equation 

𝑥2

4
− 𝑦2 = 1. 

(i) Sketch 𝐶1 and 𝐶2 on the same diagram, labelling clearly the exact coordinates of the 

point(s) of intersection with the axes and the equation(s) of the asymptote(s), if any. 

(ii) Find the volume of revolution when the region bounded by 𝐶1, 𝐶2 and the line 𝑦 = 1 for 

𝑥 ≥ 0 is rotated completely about the 𝑥-axis. Give your answer correct to 4 decimal 

places.  

(iii) By using a substitution of the form 𝑥 = 𝑎 cos 𝜃, where 𝑎 is a positive constant and 0 ≤

 𝜃 ≤
𝜋

2
, find the exact area bounded by 𝐶1, the positive 𝑥-axis and the line 𝑥 = 1. 

 

 

Answer 

 

Q4  

Question 

It is given that 𝑓(𝑥) = {
𝑎𝑥              𝑓𝑜𝑟 0 ≤ 𝑥 ≤ 𝑎

2𝑎2 − 𝑎𝑥   𝑓𝑜𝑟 𝑎 < 𝑥 < 2𝑎
 

And that 𝑓(𝑥 + 2𝑎) =
1

2
𝑓(𝑥) for all real values of 𝑥 where 𝑎 is a positive real constant.  

(i) Sketch the graph of 𝑦 = 𝑓(𝑥) for−2𝑎 ≤ 𝑥 ≤ 4𝑎 

(ii) Show that the exact value of ∫ 𝑓(𝑥)
2𝑎

0
𝑑𝑥 = 𝑘𝑎3, where 𝑘 is a constant to be 

determined. 

(iii) Hence, evaluate exactly, in forms of 𝑎, ∫ 𝑓(𝑥)
∞

0
 𝑑𝑥. 



 

Answer 

 

 

Q5  

Question 

A curve C has parametric equation 

𝑥 = 1 − cos 𝑡,    𝑦 =
1

2
sin(2𝑡) , for   0 ≤ 𝑡 ≤

𝜋

2
 

(i) Sketch 𝐶, stating the coordinates of any points of intersection with the axes. 

(ii) Find the equation of the normal to 𝐶 at the point where 𝑡 =
𝜋

3
. 



(iii) The region 𝑅 is bounded by the part of the curve 𝐶 where 0 ≤ 𝑡 ≤
𝜋

6
, the 𝑥-axis, and the 

vertical line 𝑥 = 𝛼 where 𝛼 = 1 − cos
𝜋

6
. Find the exact area of 𝑅. 

(iv) Determine a Cartesian equation of 𝐶, and use it to find the numerical value of the 

volume of revolution when 𝑅 is rotated completely about the 𝑥-axis. 

 

 

Answer 

 

 



 

Q6  

Question 

(a) The curve 𝐶 is defined by  the parametric equations 

𝑥 = ln 𝑡 ,  𝑦 =
𝑡3+𝑡

𝑡+1
 , where 𝑡 > 0. 

Another curve 𝐿 is defined by the equation 𝑦 = 𝑒2𝑥. The graphs of 𝐶 and 𝐿 are shown in the 

diagram below. 



 

Find the exact area of the region bounded by 𝐶, 𝐿 and the line 𝑥 = ln 2 , giving your answer 

in the form ln 𝑏 where 𝑏 is a constant to be determined. 

(b) The curves 𝑉 and 𝑊 have equations 2𝑦 = (𝑥 − 1)2 + 4 and 𝑦 = 2𝑥2 

Respectively. The region in the first quadrant enclosed by the curves and the 𝑦-axis is 

denoted by 𝑆. 

Find the exact volume of the solid generated when the region 𝑆 is rotated through 2𝜋 

radians about the 𝑦-axis. 

Answer 

 

 



 

 

Q7  

Question 

(a)  

(i) By using a graphic calculator, find the 𝑥-coordinates of the points of intersection of 

the curves 𝑦 = 𝑒𝑥 and 𝑦 = 2𝑥 + 1. Hence solve the inequality 𝑒𝑥 < 2𝑥 + 1 

Hence solve the inequality  𝑒𝑥 < 2𝑥 + 1. 

(ii) Hence, find the exact value of ∫ |𝑒𝑥 − 2𝑥 − 1|
1

−2
 𝑑𝑥 

(b) Find ∫
2𝑥+1

𝑥2−4𝑥+7
𝑑𝑥 

(c) Find ∫(sin 𝑥) ln(cos 𝑥)  𝑑𝑥 

 

Answer 

 

 

 

 


