
 

 

Q1  

Question 

An experiment is conducted using the conical filter which is held with its axis vertical as shown. The 

filter has a radius of 10cm and semi-vertical angle 30°. Chemical solution flows from the filter into 

the cylindrical container, with radius 10cm, at a constant rate of 3 cm3/s. At time 𝑡 seconds, the 

amount of solution in the filter has height ℎ cm and radius 𝑟 cm. 

(i) Find the rate of decrease of radius of the solution in the filter when ℎ = 5𝑐𝑚. 

(ii) Let 𝑆 denotes the curved surface area of filter in contact with the solution. Show that 
𝑑𝑆

𝑑𝑡
= −

4√3

𝑟
 𝑐𝑚2/𝑠. 

(iii) When the height of solution in the cylindrical container measures 0.81 cm, volumes of 

solution left in the filter and the container are the same. Find the rate of change of 𝑆 at 

this instant. 

[The volume of a cone of radius 𝑟 and height ℎ is 
1

3
𝜋𝑟2ℎ  and the curved surface area is 𝜋𝑟𝑙 

where 𝑙 is the slant height of the cone.] 

 

 

Solution 



 

 

 

Q2  

Question 

𝑃 is a variable point on the circumference of a circle with diameter 𝐴𝐵, and 𝑄 is the point on 𝐴𝐵 

such that 𝐴𝑄 = 𝐴𝑃. Given that angle 𝑃𝐴𝑄 = 𝜃 radians and 𝐴𝐵 = 𝑙, show that the area 𝑆 of triangle 

𝑃𝐴𝑄 is given by 𝑆 =
1

2
𝑙2(sin 𝜃 − sin3 𝜃). 

Use differentiation to find, in surd form and in terms of 𝑙, the maximum value of 𝑆, proving that it is 

a maximum. 

 

Solution 

 



 

 

 

Q3  

Question 

 

The diagram shows a sphere with fixed radius 𝑎 which is inscribed in a cone with radius 𝑟 and height 

ℎ. Show that 𝑟2 =
𝑎2ℎ

ℎ−2𝑎
  and find the volume of cone, 𝑉 in terms of 𝑎 and ℎ.  

As ℎ varies, find the value of ℎ that gives the minimum 𝑉, leaving your answer in terms of 𝑎. (You do 

not need to verify that 𝑉 is the minimum.) 

[Volume of cone, 𝑉 =
1

3
𝜋𝑟2ℎ] 

 

Solution 

 



 

 

 

Q4  

Question 

The curve 𝐶 has parametric equations  

𝑥 = 2 + 2 cos 𝑡, 𝑦 = tan 𝑡, for 0 ≤ 𝑡 <
𝜋

2
 

(i) Using differentiation, show that the curve 𝐶 does not have any stationary point. 

(ii) Sketch 𝐶, indicating clearly the equation of the asymptote and coordinates of the 𝑥-

intercept. You should indicate clearly the feature of the curve near the 𝑥-intercept. 

(iii) A point 𝑃 on 𝐶 has parameter 𝑡 =
𝜋

4
. Find the equation of the tangent at 𝑃, leaving your 

answer in exact form. 

(iv) Find the Cartesian equation of the locus of the mid-point of (2 + 2 cos 𝑡 , tan 𝑡) and 

(−2,0) as 𝑡 varies. 

 

 

 

Solution 

 



 

 

 

Q5  

Question 

 

An event company builds a tent (as shown in the diagram) which has a uniform cross-sectional area 

consisting of an equilateral triangle of sides 𝑥 metres and a rectangle of width 𝑥 metres and height ℎ 

metres. The length of the tent is 3𝑥 metres. 

(i) It is given that the tent has a fixed volume of 𝑘 cubic metres and is fully covered (except 

the base) with canvas assumed to be of negligible thickness. Show that the area of the 

canvas used, 𝐴, in square metres, is given by 𝐴 = 6𝑥2 −
3√3

2
𝑥2 +

8𝑘

3𝑥
 

Use differentiation to find, in terms of 𝑘, the value of 𝑥 which gives a stationary value of 

𝐴. Determine if 𝐴 is a minimum or maximum for this value of 𝑥. 

(ii) It is given instead that the tent has a volume of 360 cubic metres and the area of canvas 

used is 300 square metres. Find the value of 𝑥 and the value of ℎ. 

 

Solution 



 

 

 

 

 

Q6  

Question 

The diagram shows a field consisting of an equilateral triangle 𝐴𝐵𝐶, a rectangle 𝐴𝐶𝐷𝐹 and a semi-

circle 𝐷𝐸𝐹. 



 

 

 

Suppose 𝐷𝐹 = 𝑎 m, 𝐴𝐹 = 𝑏 m, and the area of the field is fixed at 400 m2. 

Find, using differentiation, the values of 𝑎 and 𝑏 which give a field of minimum perimeter, giving 

your answers correct to 2 decimal places. 

 

 

Solution 

 

 

Q7  

Question 

[It is given that a cone of radius 𝑟, height ℎ and slant length 𝑙 has volume 
1

3
𝜋𝑟2ℎ and curved surface 

area 𝜋𝑟𝑙.] 



 

 

 

An ice cream cone wafer (as shown in the diagram above) of negligible thickness is to have a fixed 

external surface area of 𝑘𝜋 cm2. Show that the volume 𝑉 of the cone is given by 

𝑉 =
𝜋𝑟√𝑘2 − 𝑟4

3
 

Use differentiation to find the radius 𝑟 cm of the cone in terms of 𝑘 that will give a minimum internal 

volume of the cone (you need not prove the minimum value of 𝑉). 

 

 

Solution 

 

 

Q8  

Question 

The parametric equations of a curve 𝐶 are 

𝑥 = cos3 𝜃, 𝑦 = 2 sin3 𝜃 where −
𝜋

2
≤ 𝜃 ≤ 0 

(i) Sketch the graph of 𝐶 

(ii) Find 
𝑑𝑦

𝑑𝑥
 in terms of 𝜃 



 

 

(iii) The tangent to the curve 𝐶 at the point 𝑃(cos3 𝑡 , 2 sin3 𝑡) intersects the 𝑥-axis and the 

𝑦-axis at the points 𝑈 and 𝑉 respectively. Show that the coordinates of 𝑈 are 

(𝑎 cos 𝑡 , 0) , where 𝑎 is a constant to be found. Find the coordinates of 𝑉. 

(iv) Find a Cartesian equation of the locus of the mid-point of 𝑈𝑉 as 𝑡 varies. 

 

 

Solution 

 

Q9  

Question 

Benjamin wants to make an open fish tank in the shape of a cuboid with a square base. The base of 

the fish tank is to be made from an opaque material which costs $5 per square centimetre. The sides 

of the fish tank are to be made from a transparent material which costs $2 per square centimetre. 

All the materials used are of negligible thickness. 

If the fish tank has a capacity of 10000 cm3, find the minimum cost of the fish tank. 

 

Solution 



 

 

 

Q10  

Question 

A curve 𝐶 has parametric equations 

𝑥 = ln 𝑡 , 𝑦 = 2 −
1

2𝑡
 

(i) Show that the equation of the tangent to the curve 𝐶 at the point with parameter 𝑝 is 

𝑦 =
𝑥

2𝑝
−

ln 𝑝

2𝑝
−

1

2𝑝
+ 2 

(ii) Let 𝐴 be the point on the curve 𝐶 with parameter 1. The tangent and normal at 𝐴 

intersect the 𝑥-axis at the points 𝑇 and 𝑁 respectively. Find the coordinates of the points 

𝑇 and 𝑁 and the area of the triangle 𝐴𝑁𝑇. 

 

Solution 

 

Q11  

Question 

A company requires a box made of cardboard of negligible thickness to hold 300 cm3 of powder 

when full. The top and the base of the box are made up of six identical isosceles triangles. The two 



 

 

identical sides of the isosceles triangle are of length 𝑎𝑥 cm, where 𝑎 is a constant and >
1

2
 , and the 

remaining side is of length 𝑥 cm. The height of the box is 𝑦 cm (see diagram). 

 

(i) Use differentiation to find, in terms of 𝑎, the value of 𝑥 which gives a minimum surface 

area of the box. 

(ii) Show that, in this case, 
𝑦

𝑥
= 3√

2𝑎−1

2𝑎+1
 . Hence find the range of 

𝑦

𝑥
 . 

 

 

Solution 

 



 

 

 

 



 

 

 

Q12  

Question 

The curve 𝐶 has parametric equations =
𝑡

𝑡2−𝑎
 , 𝑦 = 𝑡𝑒−𝑡, where 𝑎 is a positive real constant and 

−√𝑎 < 𝑡 ≤ 0. 

(i) The tangent to the curve 𝐶 at 𝑡 = 0 is perpendicular to the line 4𝑦 − 𝑥 = 0 . Show that 

𝑎 = 4. 

Using the value of 𝑎 in part (i), 

(ii) What can you say about the gradient of the curve 𝐶 as → −2 ? 

(iii) Sketch the curve 𝐶, including any points of intersection with the axes and the 

equation(s) of any asymptotes. 

 

 

 

Solution 

 

Q13  

Question 

 



 

 

A function 𝑓 is given by 𝑓(𝑥) =
𝑥2−𝑎𝑥+𝑏

𝑥
 for ∈ 𝐑 , 𝑥 ≠ 0 where 𝑎 and 𝑏 are positive real constants. 

Find 𝑓′(𝑥) and hence sketch the graph of = 𝑓′(𝑥) , stating the equations of any asymptotes and the 

coordinates of the points where the curve crosses the axes. 

 

 

Solution 

 

 


